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c© Natalia Angélica Tapia Arellano, 2019

Licencia Creative Commons Atribución-No Comercial Chile 3.0



QED at the limit: Dark Matter and Strong Fields  

Natalia Angélica Tapia Arellano 

 

Este trabajo de titulación fue preparado bajo la supervisión del (los) profesor(es) 

guía Dr. Jorge Gamboa y Dr. Fernando Méndez del Departamento de Física y ha 

sido aprobado por los siguientes miembros de la comisión calificadora del candidato: 

                                                                                                                                         

…………………………….. 

                                                                                                                                 Dr. Jorge Alfaro 

 

…………………………….. 

                                                                                                                                 Dr. Dora Altbir 

 

…………………………….. 

                                                                                                                                 Dr. Paola Arias 

 

…………………………….. 

                                                                                                                                 Dr. Jorge Gamboa 

 

…………………………….. 

                                                                                                                                 Dr. Fernando Mendez 

 

…………………………….. 

                                                                                                                                 Dr. Mikhail Plyushchay 

 

…………………………….. 

Dr. Roberto Bernal 

Director Departamento de Física 

Facultad de Ciencia 





Resumen

En esta tesis se muestran en detalle dos problemas que fueron parte de

este trabajo de doctorado. El primer proyecto está relacionado con cal-

cular las contribuciones de distintos procesos a la corrección del momento

magnético de un fotón Dark [15]. Para esto se consideró un modelo de

electrodinámica cuántica Dark, acoplada a un fotón visible, por medio de

un término de kinetic mixing. La contribución principal es la correción

del vértice que contiene fotones y fermiones dark. Al siguiente orden en

términos del parámetro de kinetic mixing η, también se calcula la corrección

de un vértice con un fotón externo visible. Se discute la relación entre ambas

contribuciones. El factor giromagnético del fermión dark es determinado en

términos de las cotas de masas para el fotón y el fermión dark. Finalmente

se obtiene una expresión para los factores giromagnéticos de los dos proce-

sos considerados, en términos de la razón de masas entre el fotón dark y el

fermión dark. Cuando el comportamiento es similar a QED, es decir cuando

la masa del fotón dark es muy pequeña en comparación a la del fermión dark

(como ocurre en QED), se recupera el comportamiento de la materia visible.

En el segundo caṕıtulo de esta tesis, se presentan los resultados para las
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tasas de creación de pares electrón-positrón, que se espera sean medidas

en el experimento LUXE en DESY, Hamburgo [34]. En este experimento

se espera obtener un espectro de Bremsstrahlung, haciendo chocar el haz

de electrones de 17.5 GeV con una lámina delgada (foil) y se guiará a los

resultantes fotones para colisionar con un láser de alta intensidad, de alrede-

dor de 1020W/cm2. Se espera que esta intensidad alcance rangos cercanos

al ĺımite no perturbativo en el cual creación espontánea de pares electrón-

positrón seŕıa observada. El régimen no-pertubativo estaŕıa representado

en este caso por una intensidad por sobre los 5 × 1018W/cm2 y se espera

observar pares a partir de 3 × 1018W/cm2. Esta medición permitiŕıa una

verificación indirecta del campo cŕıtico de la electrodinámica cuántica predi-

cho por Sauter en 1931.

Palabras clave: Momento magnético anómalo, Materia Oscura, Ki-

netic Mixing, QED dark, Factor giromagnético, Campos fuertes, Ĺımite de

Schwinger, Régimen no perturbativo, Campo cŕıtco de la QED.
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Abstract

In this thesis it is shown in details two problems which were part of this

PhD work. The first project is related to compute the different processes

contributions to the Dark photon magnetic moment correction [15]. For this

a Dark QED has been considered, coupled to a visible photon, by means of

a kinetic mixing. The most important contribution comes from the corre-

sponding vertex, is that one in which only dark matter plays a role with dark

photons and fermions. The next leading contributions are given by a visible

external photon vertex, being each next order contribution less important.

We have found a relation between both contributions, given by the kinetic

mixing parameter η. The gyromagnetic factor of the dark fermion is deter-

mined in terms of the masses expected for the dark photon and fermion.

When the behaviour is similar to QED, that is, when the mass of the dark

photon is very small compared to that of the dark fermion one (as in QED),

the behaviour of visible matter is recovered.

The second chapter in this thesis, presents the results for the electron

positron pair production rates, expected to be measured at LUXE experi-

ment in DESY [34], Hamburg. In this experiment a Bremsstrahlung spec-
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trum will be obtained by colliding an electron beam of 17.5 GeV with a thin

foil and the high energy photons obtained will be lead into collision with a

high intensity laser beam, around 1020W/cm2. It is expected for this inten-

sity to reach a range near the non perturbative limit in where spontaneous

pair production of electrons and positrons is expected. The non-perturbative

regime would be represented in this case by an intensity above 5×1018W/cm2

and it is expected to observe pairs from 3 × 1018W/cm2.The measurement

of this rate would allow an indirect verification of the critical electric field,

predicted by Sauter in 1931.

Keywords: Anomalous magnetic moment, Dark Matter, Kinetic Mix-

ing, Dark-QED, Gyromagnetic factor, Strong fields, Schwinger limit, Non-

perturbative regime, QED critical field.
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Montréal.
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Introduction

At the very beginning, the primordial matter was extremely dense, com-

pressed and hot, just after the Big-Bang, which is the assumption of a huge

explosion and the most accepted theory for the origin of the universe. Only

elementary particles composed the matter at that time, known today as

quarks and leptons. The primordial matter expanded and in this process

it cooled down, quarks formed heavier particles, hadrons and these were of

two kinds, baryons or mesons, with three and two quarks (a quark and an

antiquark) respectively. The electrons were captured by nuclei, formed by

protons and neutrons which are baryons and in this way giving place to the

first atoms.

Large amounts of primordial matter started to collect and form stars,

and larger and heavier nuclei were formed inside of them. When the stars

had enough matter, some of their mass was ejected to the interestelar space,

helping in the creation of new stars, planets and other interesting objects in

the universe. The union of atoms in molecules created chemical substances

giving birth to complex structures.

Cosmology and astrophysics study the evolution of the universe; the syn-
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thesis of heavy nuclei from lighter ones for conditions inside stars is the object

of study of nuclear astrophysics. Nuclear physics studies the behaviour of

nuclei under normal conditions or in excited states, as well as the reactions

among them. The structure of atomic molecules and their reactions is what

chemistry searches. Finally, biology studies the formation and developments

of the great agglomerates that compose life. All of these sciences have as

an objective the understanding of complex structures starting from simpler

ones and their interactions between them [8].

Quantum field theory (QFT) provides an extremely powerful set of com-

putational methods that has led to important agreement between theoretical

predictions and experimental data in the history of science. QFT is primarily

a theory of physics, not mathematics which dispenses a set of tools in order

to perform practical calculations, calculations that can predict, sometimes

with incredibly accuracy, numbers that can be measured in experiments.

Finally QFT is the basic mathematical language that is used in order to

describe and analyse the physics of elementary particles. It is the theory of

creation and destruction of particles, due to the famous equation E = mc2,

the confluence between special relativity and quantum mechanics.

Quantum electrodynamics (QED) speaks for the merger of three great

concepts: classical electrodynamics (Maxwell’s theory), quantum mechanics

and special relativity. It was completed by 1930 with contributions from

several actors; it combined the electron’s Dirac theory and the quantiza-

tion of the electromagnetic field into individual photons. The problem with

divergences and renormalization and its handling includes the input made
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by Bethe, Feynman, Tomonaga, Schwinger, Dyson and others. After this,

QED was tested to incredible precision. In order to test the theory, higher

order (loops) effects in perturbation theory must be considered, due to the

precision of these tests and because some effects, as light by light scattering,

can only be observed over four order and loop level.

Having the above information in mind, QED is the most successful theory

in physics when judged in terms of the precision of its experimental tests

and theory.

Some tests of QED include the Lamb shift, muonium (µ+e− bound

states), positronium (e+e− bound states) and physical constants as α, the

fine structure constant and which represents a good measure of the strength

of the electromagnetic force [31]. For this last one, the most precise mea-

surement comes from the anomalous magnetic moment of the electron [42],

computed by Schwinger in 1948, which enable us to test higher order cor-

rections. The precision of both the theoretical and experimental results tell

us about the validity of Quantum Electrodynamics.

In this thesis we will deal with phenomena that occur in the presence of

a strong electromagnetic field. An effect which cannot be described in terms

of perturbation theory will occur under these circumstances. The ground

state of the theory, the vacuum of QED will become unstable at a certain

strength of the potential.

Usually in QED the lowest energy state (the vacuum), is characterised

by the fact that no particles, electrons and positrons are present: all positive

energy states are empty and all negative energy states are occupied. The
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physically observable vacuum of the theory, without and electromagnetic

field, is free and neutral.

Now we consider some field Aµ is switched on, a classical electromagnetic

field, not influenced by electrons, this can be considered as an atomic nucleus,

with charge −Ze. Remembering Einstein’s famous E = mc2, if we have a

potential so strong it will surpass the barrier by adding one electron to the

system and the effect it will suffer is that the system will feel lighter than it

would be without this new electron [32]. However it is not possible to have

one single electron, only electron-positron pairs can be produced, which has

a threshold energy of 2mc2. These pairs can be separated spatially by the

corresponding strong electric field by expenditure of this threshold energy.

If we go beyond a critical potential strength pairs of e+e− will be created

spontaneously and the vacuum will decay into a charged vacuum.

If we make a rough estimation we will get that this pair production will

become considerable if the potential ∆V = e∆A changes by the value of

the rest mass of the electron mc2 over a characteristic length scale, set by

the Compton wavelength of the electron λ = ~/mc. The electric field is

given by E = −∇A, so we will get a critical electric field associated to the

critical potential, being Ecrit = 1.3 × 1018V/m 1. The QED critical field

can be translated in terms of intensity for an experimental set-up, being of

∼ 1029W/cm2.

It is of fundamental interest to observe nonlinear quantum effects, spe-

1 Ecrit ∼ ∆A
∆x = mc2

e~/mc = m2c3

e~ = 1
e

511keV
386fm = 1.3× 1018V/m
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cially from the point of view of the validity of QED for fields near the critical

field. In spite of the impossibility to create such an intense field in a labo-

ratory, it is possible to reach an intensity in the rest frame of the particle

of order of the critical field, from its point of view. The study of nonlinear

quantum effects due to interaction of elementary particles with the field of a

plane electromagnetic field it is important and interesting and is one of the

subjects of this thesis.

The discovery of the Higgs particle closes around 40 years of verifying the

Standard Model (SM), however, there are notorious problems still unresolved

about it. The fine-tuning hierarchy problems between weak interactions and

gravity scales is maybe the most pressing one. Observations of matter in the

Earth, other planets in the Solar System or beyond, stars or galaxies, sug-

gest matter and anti-matter asymmetry, related to CP violation and which

amount accounted from SM is not enough to explain the evolution of the

universe from a symmetric configuration to a matter-dominated Universe as

we know it. There is no evidence for new TEV-scale physics as could be su-

persymmetry, one of the many ideas proposed to explain or at least stabilise

the problem of hierarchy. Dark energy and dark matter add another mystery

to the puzzle, besides all the experimental efforts to identify the nature of

the last one, inferred from its gravitational effects, that has led to any con-

cluding result, excluding most of the parameter space for supersymmetric

dark matter. In spite of being successful, Standard Model is a complicated

theory and for this and other reasons, a search beyond the SM has started.

Evidence has been accumulated through the last century in relation with

5



the existence of Dark Matter (DM). Either from galactic rotation curves,

the motion of galaxies in clusters, gravitational lensing or the cosmic mi-

crowave radiation (CMB) we know that there is much more matter in the

Universe corresponding to luminous matter; stars, gas and other forms of it

[42]. This “missing matter”does not seem to be baryonic matter, i.e. Stan-

dard Model matter, that is somehow hidden. Baryonic matter is determined

by Big Bang Nucleosynthesis (BBN) and CMB. This “new”(dark) matter

presumably must interact at most weakly with electromagnetism.

One possibility in order to explain this phenomena related to Dark Matter

is primordial black holes (PBH), formed somehow prior to BBN. Considering

the astrophysical constraints on the density of PBHs, there is a window on

which they constitute dark matter, or at least a fraction of it.

Dark Matter is usually associated with elementary particles, whose can-

didates are commonly classified as hot, warm or cold depending on whether

they were relativistic, intermediate or non-relativistic when they decoupled

from equilibrium in the early universe. Hot dark matter (light massive neu-

trinos for example) is excluded, basically because, on small scales it does not

cluster sufficiently. On the other hand, a viable candidate for warm dark

matter is keV-scale sterile neutrinos.

Most likely scenario for cold dark matter (CDM) involves a stable, on

cosmological time scales, neutral colorless particle “χ”, ussually with spin

0 or 1/2 and which may or may not be different from its antiparticle χ̄.

If weakly interacting massive particles (WIMPs) are considered, it leads to

dark matter densities, known as the WIMP miracle. WIMP candidates can
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be the lightest supersymmetric partner (neutralino, usually), or analogous

stable particles in Little Higgs or universal extra dimension models. How-

ever, the parameter space allowed for these conventional candidates is being

reduced due to experimental constraints, which gives a motivation to think

of much lighter dark matter candidates with very weakly coupling to ordi-

nary particles. Approaching like these, may be connected to the ordinary

visible sector by a kinetic mixing of the Z with a new Z ′ gauge boson, or

other types of portals with Higgs bosons, neutrinos, axions, etc.

There are several experimental searches on WIMPs and similar particles

in a direct, indirect and collider fashion. Direct search experiments look for

the nuclear recoil of an elastic or possible inelastic scattering χN → χN .

Indirect detection searches refers to the results coming from the annihila-

tion or possible decays of dark matter particles into gamma rays, neutrinos,

positrons, etc., in regions of high concentration, also from the decays or

secondary interactions of particles that were produced from dark matter.

Signals near the galactic center might be related to the direct annihilation

into mono-energetic photons, or continuum photons, or antiparticles from

secondary processes.

In spite of the various signal hints detected of photons or excess of an-

tiparticles, none of them have proven to be compelling due to possible as-

trophysical backgrounds.

Dark Matter particles have been searched at ATLAS and CMS [42] in a

signal with particle ”X” and a large missing transverse momentum, so far,

no positive signals have been observed.
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Having in mind the precision tests of QED and Dark Matter searches we

also take into consideration the information published about the Fermi-LAT

data on the cosmic gamma-ray spectrum from the Galactic center. Such

high energy photons can be induced by a dark matter annihilation or decay.

Being a tremendous milestone in QED success, the anomalous magnetic

moment can play an important role also in Dark Matter and it can be con-

sidered to have something to do with the luminosity excess in the center of

the galaxy (see [33]). The direct detection of dark matter with a magnetic

moment could be realized in a variety of ways and possibilities have been

proposed here [28].

In this thesis we present, two different problems which can be labeled

under the field of Quantum Electrodynamics, for visible and Dark Matter.

Every problem will be explained in a different chapter with its own intro-

duction and development.

The objectives of the present thesis are, for each chapter are:

1. The first problem is Dark Matter and Kinetic Mixing. We presente a

Dark Quantum Electrodynamics in which a dark fermion is coupled

to the visible photon. The objective is to compute the correction to

the dark fermion magnetic moment. For this it is studied two possible

vertex contributions, the first one considering only dark matter, in

which the loop and external photon are dark and that will not be

perceptible, and another contribution coming from a dark photon in

the loop and a visible external photon. This last one would be the
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leading visible contribution.

2. In the second chapter, we show results for electron positron pair pro-

duction in strong field petawatt lasers in where it is expected, for non-

perturbative pair production near the Schwinger limit, to be observed.

The aim is to compute the rate of electron-positron pair production as

expected for the next experiment to be perform at DESY, the LUXE

experiment, in which a 17.5 GeV electron beam will be brought into

collision with a foil (a thin sheet), in order to obtain Bremsstrahlung

high energy photons. These high energy photons will be lead to col-

lision again with a High Intensity petawatt laser and pair production

near the Schwinger non perturbative limit will take place.

In this thesis also, it has been have added a brief discussion about stabili-

ty in negative mass bubbles. It is thought that regions of negative energy

density in the Universe can undergo gravitational collapse into a black hole

[45]. There are also some ideas about a “dark fluid”of negative mass theory

containing dark matter and dark energy in it [26]. What we have considered

in this case for the solutions to Einstein equations by a spherical geometry,

found by Schwarzschild, a negative mass black hole. It was found that this

is possible to have a stable configuration for a negative bubble mass and

it was taken into consideration, dominant energy conditions to be fulfilled.

The results related to this work can be found in Appendix A.

Finally it was added as Appendix B, the articles mentioned in this thesis

[2, 4], which have not been discussed in detail but that were also part of the
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work developed during the PhD.

10



Chapter 1

Dark Matter and Kinetic Mixing:

Anomalous g − 2

1.1 Introduction

The standard model, which is the most successful theory at the moment to

help us understand the universe around us, is an incomplete theory. This is

why it is necessary to go beyond. Since the 70’s there is enough evidence

confirming the existence of Dark Matter, but until now there is no evidence

that would confirm its participation in processes that we could measure.

The first indicator of physics beyond standard model can be found in the

neutrino masses. These particles suffer oscillations, which are only possible

if they have mass, a mass which is not considered in the standard model, due

to breaking of symmetry. These particles were the first candidates of dark

matter, but this idea was ruled out for the three neutrinos known (electronic,

muonic and tau neutrino). There is some chance of the existence of a fourth
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neutrino, sterile, interacting in an imperceptible way with ordinary matter,

which would be a candidate for dark matter, but the expected densities do

not correspond with the amount of dark matter known to exists (five times

more abundant than normal matter). It is necessary to continue this search

in order to understand our universe origin and its future, in accordance with

the predictions that we can make under our understanding.

In this section of the thesis we present the result of the research during the

second year of PhD formation, in which it was worked in two projects [15, 4]

with Professor Jorge Gamboa at University of Santiago de Chile. For the

first project it was considered a model of dark quantum electrodynamics

(QEDs) coupled to a visible photon through a kinetic mixing term. The

gΨ − 2 for the dark fermion was computed, where gΨ is its gyromagnetic

factor. Here, a relation between the gyromagnetic factor related to the dark

matter process and the visible process through a constant was found, which

depends on the kinetic mixing factor. On the last project, which will not be

detailed in this thesis (see [4]), it was computed the analogous of the light-

by-light diagram from two dark photons to a visible pair of standard model

particles and an expression for the differential cross section. For high energy

beams, this differential cross section could be measurable with a magnitude

similar to the neutrino cross section.
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1.2 Dark Matter anomalous magnetic

moment

How can we connect dark matter physics and the visible sector of the Uni-

verse? Until now we only know that Dark Matter interacts very weakly with

visible matter (see [30] and [43]). Maybe the most appropriate way to detect

it is by indirect ways, like dark matter-antimatter annihilation for example,

which could be an answer to the visible energy and matter over-abundance

in the center of galaxies [25].

If dark matter exists in a particle form, it has to be in particles whose

description is beyond the Standard Model. No particle in the Standard

Model can play the role of a Dark Matter particle. The easiest example

for this idea are WIMP particles, which should have been created at the

early universe and have some probability to annihilate into Standard Model

particles, at the Sun or in the center of the galaxy 1.

A Standard Model minimal extension can be obtained by adding a new

U(1) gauge symmetry which is spontaneously broken, giving mass to the

dark photon [40].

But what about the question at the beginning of this section, in how to

1Also in the literature WISP’s are discussed (weak interacting slight particles) which is a
distinction for the light sector of dark matter, nonetheless if dark matters is completely understood,
WIMP’s and WISP’s would be contained in just one formalism and because of that is that in this
case the word used will be WIMP without making the distinction on the mass.
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connect dark matter and visible sector: this is done by means of a kinetic

mixing. In this way dark and visible sector are bounded because it is

possible to have a small kinetic mixing term between a dark photon and

the Standard Model. Dark Matter particles can be trapped at the Sun in

interactions with nuclei or electrons, thermalising the interior of the Sun

and interacting with other Dark Matter particles, annihilating to particles

as neutrinos for example. This can be translated into detectable signals on

Earth [40].

Our dark matter candidate interacts through a dark U(1) gauge sym-

metry. The kinetic mixing terms can rise from the interaction between a

massive charged particle in the electromagnetic and dark electromagnetic

group [40].

A scheme that could give new ideas about the luminosity excess at gala-

xies center is that one from a non-Abelian dark sector with admisible stable

solutions, topologically classical and massive; weakly interacting charged

monopoles created at the beginning of the universe at a very energetic event.

It could happen the annihilation of a monopole and anti-monopole giving

place to a non-topological energy emitting particle like object, dark and

visible ones. If these monopoles are very massive, they can be gravitationally

attracted by galaxies that enhances the probability for this annihilation to

occur in their neighbourhood.

Kinetic mixing mechanism requires interaction between visible photons

(Aµ) and dark photons (Bµ), interaction which can be implemented diversely,

one way can be found in a detailed form in [27], where the kinetic mixing
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term is written as follows

ηFµν(A)F µν(B) ≡ ηF (A)F (B), (1.1)

η is the kinetic mixing parameter, considered to be very small.

These fields in the following theory interact with dark matter as

L = Ψ̄
(
i/∂ − /B −mΨ

)
Ψ− 1

4
F 2(B)− 1

4
F 2(A) +

η

2
F (A)F (B), (1.2)

in which it has been taken e = 1.

For eq. (1.2), Ψ is a dark fermionic massive field with charge 1, Bµ

corresponds to the dark photon (γµBµ = /B), Aµ is the visible photon field

and the dark fermion mass is represented by mΨ.

It is convenient to write eq. (1.2) as

L = Ldark−fermion + L(A,B), (1.3)

where

L(A,B) = −1

4
F 2(A)− 1

4
F 2(B) +

η

2
F (A)F (B), (1.4)

which can diagonalised by means of the following transformation B′µ = Bµ−
ηAµ, and obtaining

L(A,B′) = −1− η2

4
F 2(A)− 1

4
F 2(B′) = − 1

4e2
(−)

F 2(A)− 1

4
F 2(B′), (1.5)
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thus it is obtained for eq. (1.2)

L = Ψ̄
(
i/∂ − /B

′ − η /A−mΨ

)
Ψ− 1

4e2
(−)

F 2(A)− 1

4
F 2(B′). (1.6)

It can be observed in this last expression which is now diagonalized the

effect of this diagonalization, electric charge renormalization

e(−) =
1√

1− η2
. (1.7)

It is nice to notice that the diagonalization has a physical effect in the

visible gauge field, actually, we observe that the visible photons now couple

to the dark fermion through the “millicharge”η, this means only a small

fraction of the visible charge perceives the dark fermion, as a consequence

of a very small kinetic mixing 2 ([1],[11], [12]).

Another result from diagonalization will be a change in the interaction

terms. Before performing the diagonalization, the interaction term had the

form Ψ̄γµΨBµ, which means dark sector QED as can be seen to first and

second order in Figure 1.2. After diagonalizing, the interaction term changes

to Ψ̄γµΨ(B′µ−ηAµ). The kinetic mixing term allows for a dark QED process

with dark fermions to produce visible photons (see Figure 1.1). Some of this

processes are very interesting from the physical point of view, in the case of

annihilation of dark matter it can give place to visible photons and also in

other processes which are a consequence from kinetic mixing 3.
2For an alternative kinetic mixing term, different from (eq. (1.1)), see [27].
3Some of this processes could give a hint about an unsolved problem related to the galaxy
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Aµ

(a) First order interaction

Aµ

(b) Second order interaction

Figure 1.1: QED Diagrams. Visible photon fields Aµ are shown in blue. This is the result of a
diagonalization in the Lagrangian including a Dark-QED and a visible photon. After this process
now we can have interaction between visible and Dark Matter.

Bµ

(a) First order interaction

Bµ

(b) Second order interaction

Figure 1.2: Dark QED Diagrams. Interactions between Dark Matter only.

What if the interaction or the scattering process between a nucleus and a

dark matter particle is electromagnetic intrinsically? This interaction could

happen by means of the dark matter dipolar magnetic moment, which can

be induced by the short range physics underlying at the first or next loop.

Dipolar magnetic moment have a dominant contribution to DM-nucleus scat-

tering due to the direct coupling with nuclear charge.

center excess of luminosity [21].
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The electron has an anomalous magnetic moment, which has a small

contribution in the electron scattering correction at one loop for the vertex

function itself, that arises from and additional photon ([55],[59]).

From where does this correction come from? It is well known in quantum

electrodynamics, but here is briefly discussed. Dirac equation in the non-

relativistic limit couples to and external magnetic field through the Hamil-

tonian:

H =
~p

2m
+ V (r) +

e

2m
~B · (~L+ g~S). (1.8)

In this last expression g represents the relative force of its dipolar mag-

netic moment to the spin-orbit coupling strength. Dirac equation implies

g = 2 but there are also quantum corrections. Starting from Dirac equation,

charged spinors satisfy:

(i /D −m)Ψ = 0, (1.9)

in which /D = /∂ + ie /A. It is easy to see that spinors also satisfy

( /D
2

+m2)Ψ = 0, (1.10)

when (i /D +m) is multiplied.

A bit of algebra shows that

/D
2

= D2
µ +

e

2
Fµνσ

µν, (1.11)

and thus
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(D2
µ +

e

2
Fµνσ

µν +m2)Ψ = 0, (1.12)

to finally obtain

(H − eA0)
2

2m
Ψ =

(
m

2
+

(~p2 − e ~A)2

2m
− 2

e

2m
~B · ~S ± i e

m
~E · ~S

)
Ψ. (1.13)

The term e
2Fµνσ

µν makes the difference with the scalar field, that satisfies

(D2
µ + m2)Φ = 0. To look for corrections in g we have to search in the S

matrix for loops with the same effect as a term σµνF
µν in the Lagrangian.

This corrections have the shape in which photons interact with fermions

The sum of all the corrections to this vertex are called Γµ and represents

corrections to the answer of an electron to an external magnetic field. The

process itself is e−(q)Aµ → e−(q′), with two spinor states ū(q′) y u(q) and

polarisation vector εµ(p),

iMµ = q q′
k

= i η ū(q′)γµu(q), (1.14)

the photon moment has the following restriction kµ = q′µ − qµ.

The vertex correction modifies the previous assessment and the vertex

function will be modified in the next way
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γµ Γµ

so now we will have for the vertex function to be:

iM′µ = (−iη)ū(q′) Γµ u(q)

= (−iη)ū(q′)

[
F1

(
k2

m2
Ψ

)
γµ +

iσµν

2mΨ
kνF2

(
k2

m2
Ψ

)]
u(q), (1.15)

in which F1 and F2 are form factors and Γµ =
[
F1

(
k2

m2
Ψ

)
γµ + iσµν

2mΨ
kνF2

(
k2

m2
Ψ

)]
.

F1 form factor is related to electric charge corrections instead of anoma-

lous magnetic moment as in F2 case.

One loop diagram as in Figure 1.3(a) and 1.3(b) are photon and fermion

propagator corrections, respectively. Later it will be clearer why just one of

the four processes which could contribute to the vertex (1.14), contributes

to the vertex correction in spite of the other contributions, which only con-

tribute to propagator corrections. In the diagram below it can be seen

corrections up to third order with dark fermion interactions and one visible

photon

= + + + →

in which only the last term has contributions to the magnetic moment.
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For this diagram we have

iM′µ =

k

l l + k

q q′

l − q

(1.16)

It is customary to remember the kind of interactions in QED and which

one of them would have a variation due to kinetic mixing term.

Aµ Aµ

(a) Vacuum polariza-
tion or photon self
energy

Aµ

(b) Electron self en-
ergy

(c) Compton Scat-
tering

(d) Pair anni-
hilation

Figure 1.3: Second order QED diagrams. For Dark QED we have the same interactions but with
dark photons Bµ (in this case the field Aν in blue), as in (Figure 1.2).

In the case of Dark-QED it is possible to have vacuum polarization (Fig-
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ure 1.3(a)), electron self-energy (Figure 1.3(b)) between others, but having

always in mind that up to here it has only been considered dark fermions.

In the same way for Dark-QED this kind of processes can occur, which are

visible but in the second order the interaction terms produce visible photons

((−i)2ηΨ̄(x)Ψ(x)γµBµ(x)Ψ̄(y)Ψ(y)γνAν(y)), as in Figure 1.4. This would

be new phenomena, beyond the Standard Model and which could explain

the excess of luminosity found in the center of the galaxy.

Bµ Aν
Bµ Aν

Figure 1.4: Interaction term (−i)2ηΨ̄(x)Ψ(x)γµBµ(x)Ψ̄(y)Ψ(y)γνAν(y) diagrams. This kind
of process could account for the phenomena observed in the center of the galaxy, the excess of
luminosity which it is thought is a product of dark matter interactions leading to visible photons.

1.3 Vertex correction calculations

The leading contribution for the form factors in 1.14 would be F1 = 1 and

F2 = 0 while loops will give contributions to F1 and F2 at order α and higher.

As can be seen in [59] the problem of calculating the quantum corrections

of the electron magnetic moment can be reduced to compute the form factor,

due to the relation between g and F2

g = 2 + 2F2(0). (1.17)
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(a) Kinetic mixing term
of order η

(b) Kinetic mixing term
of order 1 (no mixing)

Figure 1.5: Vertex diagram for dark QED and kinetic mixing interactions

There are other terms that will also contribute to this calculation. As

can be seen in Figure 1.2(a), for the interaction Lagrangian there is a term

that only involves dark matter, that is a dark photon in the vertex coming

from a dark matter annihilation which would not be perceptible for us but

which contribution cannot be neglected. The matrix element and therefore

the integral under the loop, is going to be the same for both diagrams in

Figure 1.5, with the only difference given by the kinetic mixing value that

brings the mixed diagram in Figure 1.5(a).

In this case the Feynman rules that contribute to the form factor related

to the electron magnetic moment, considering the notation for graph 1.16

will be:

iM′µ = (−η)ū(q′)

∫
d4l

(2π)4

gαβγ
α
(
/k + /l +mΨ

)
γµ
(
/l +mΨ

)
γβ

[(l − q)2 −m2
B + iε] [(l + k)2 −m2

Ψ + iε] [l2 −m2
Ψ + iε]

u(q).

(1.18)
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This calculation has been performed extensively in [59] and for this same

case in [15] so it can be checked that after some algebra, the corresponding

contribution for the anomalous magnetic moment (going as σµνpν) is:

F2(k
2) = (η)8im2

Ψ

∫ 1

0

dx dy dzδ(x+y+z−1)

∫
d4l

(2π)4

z(1− z)

(l2 −∆ + iε)3
, (1.19)

plus other terms that do not contribute. For ∆ we have

∆ = −xyk2 + (1− z)2m2
Ψ +m2

Bz. (1.20)

Following the description from [59] and [15], the form factor is obtained:

F2(k
2) =

η

4π2

∫ 1

0

dx dy dzδ(x+ y + z − 1)
z(1− z)

(1− z)2 + κ2z − xy k2

m2
Ψ

, (1.21)

where κ =
m2
B

m2
Ψ

. This result is the typical QED one, but for the present case

there is a mass associated to the dark photon.

It is interesting to study some limits for this result; when kµ → 0 the

form factor takes the form:

F2(0) =
η

4π2

∫ 1

0

dx dy dzδ(x+ y + z − 1)
z(1− z)

(1− z)2 + κ2z
(1.22)

If were not by the term associated to the dark photon mass this result

would be a finite integral, this is the case of a massless dark photon. If we
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consider e 6= 1 and η = 1 as it is usual in QED we get the known result

obtained by Schwinger, Feynman and Tomonaga:

F2(0) =
α

π

∫ 1

0

dx dy dzδ(x+ y + z − 1)
z

(1− z)
=

α

2π
. (1.23)

Remembering eq. (1.17) then

g = 2 +
α

π
= 2.00232, (1.24)

known as the electron anomalous magnetic moment. Going back to Dark

QED the result would be:

F2(0) =
η

4π2
f(κ), (1.25)

for the process in Figure 1.5(a) in where a visible photon is present in the

vertex. For the case in which only dark matter is involved (Figure 1.5(b))

the proceeding is the same, getting the same integral. The only difference

is given by the dependency in the kinetic mixing variable η, so it can be

written in reference to Figure 1.5

F a
2 (0) =

η

4π2
f(κ), F b

2 (0) =
1

4π2
f(κ). (1.26)

The gyromagnetic factors for both diagrams are related due to this func-

tion, turning out to be
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2F a
2 (0) =

η

2π2
f(κ) = gΨ − 2, (1.27)

2F b
2 (0) =

1

2π2
f(κ) = g′Ψ − 2, (1.28)

thus

gΨ − 2 = η (g′Ψ − 2) , (1.29)

giving a relation between the correction in the dark sector to that for the

interaction with the visible photon. Higher order contributions, as showed

in Figure 1.6 are not considered. For the first case, Figure 1.6(a) the contri-

bution would be of order η2 (besides of having a different integral) and for

the last case, Figure 1.6(b) of order η3 growing with each mixed vertex.

(a) Kinetic mixing term
of order η2

(b) Kinetic mixing term
of order η3

Figure 1.6: Vertex diagram for dark QED and kinetic mixing interactions at higher orders for
the kinetic mixing parameter η.
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We considered a very small kinetic mixing so only contributions up to

order η were taken into account.

1.4 Results

The integral, function f(κ) can be obtained using Mathematica giving, in

terms of the ratio between the masses of the dark photon and dark fermion

0 1 2 3 4

0.00

0.05

0.10

0.15

0.20

0.25

0.30

κ

f(
κ
)

Figure 1.7: Behaviour of f(κ) in terms of κ. Here we can see the behaviour
after κ = 1 which means a photon with a mas higher than the mas of the
fermion. This is completely different from what we know from QED so this
behaviour shows utterly new physics.
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f(κ) = −κ
(
2− 4κ2 + κ4

)
√

4− κ2
tan−1

(√
4− κ2

κ

)
+

1

2

[
1− 2κ2 + 2κ2(κ2 − 2) lnκ

]

(1.30)

10-7 10-4 10-1

0.005

0.010

0.050

0.100

0.500

κ

f(
κ
)

Figure 1.8: Behavoiur of f(κ) in terms of κ as a log-log plot. In this case
there is an abrupt decrease of the curve for κ ∼ 1. This limit represents the
behaviour of a dark photon with a mass similar in magnitude to the mass
of a dark fermion, where the ratio κ is close to one. The inferior limit, for a
dark photon mass going to zero or with a mas much smaller than the mass
of the dark fermion, the function f(κ) reaches the value ∼ 1/2, which is the
value known for visible QED.

As can be seen in Figure 1.7 this function is well defined near 2, which
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is not obvious from eq. (1.30). In Figure 1.8 the value approximates to 1
2

for small values of κ, being this the value expected for QED (and a massless

dark, hidden photon).

10-9 10-7 10-5 0.001 0.100 10

0.35

0.40

0.45

0.50

mB [eV]

g
Ψ
'-
2

Gyromagnetic Factor

mΨ=10-4eV

mΨ=10-2 eV

mΨ=102eV

mΨ=104eV

Figure 1.9: The different values of f(κ) = g′Ψ − 2 in terms of hidden photon
mass (mB) for different values of the dark fermion mass mΨ, in log-log scale.
It can be observed that all the functions go to 1

2 for small hidden photon
mass, as expected.

Thinking in the process shown in Figure 1.5(b), a dark vertex, we study

the possible values for the gyromagnetic factor g′Ψ − 2 in terms of the dark

photon mass and for different values of the dark fermion. Seems pretty

clear from Figure 1.9 that higher the dark fermion mass, it is easier for

the dark photon to reach the QED expected value, even for hidden photon

mass of order 1, in the case of fermion mass ≈ 104eV . There is actually a

correspondence between the hidden photon mass and the dark fermion mass
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for the gyromagnetic value to reach 1
2 , the photon mass must be of the same

order or smaller than the fermion one, approaching the limit κ→ 0. In the

cases of very small dark fermion mass the gyromagnetic factor drops fast

around κ ≈ 1.

10-12 10-10 10-8 10-6 10-4 10-2

1.×10-65

1.×10-45

1.×10-25

1.×10-5

mB[eV]

-
(g

Ψ
-
2)

2 - gΨ for mB >> mA and η=10-16

mΨ=10-4eV

mΨ=10-2 eV

mΨ=102eV

mΨ=104eV

Figure 1.10: Log Log plot for the gyromagnetic factor gΨ−2, this is the case
the visible photon interacts with the dark fermion, in terms of the hidden
photon mass and for mA ≈ 10−27eV.

Now, let us consider the process which involves a visible external photon,

Figure 1.5(a), it should be the most interesting one because it is this process

that can be observed, in contraposition with the dark external photon case

(Figure 1.5(b)).

In this case gΨ−2 is negative (see [15]) due to the sign of η. Then, 2−gΨ

is studied, for η = 10−16, for this value of η and smaller we are located inside

the allowed parameter space (grey area in Figure 1.10) for parameters to be
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detected as Dark Matter.

The behaviour is similar up to 10−4 eV for the hidden photon mass and

over that the curves split around the mass of each fermion, gΨ − 2 is going

to be small for each of them.
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Chapter 2

Measuring the boiling point of

vacuum of quantum electrodynamics

2.1 Introduction

It is not a new idea to establish that the laser has revolutionised many areas

of science and society. These light sources create unique and sometimes

extreme laboratory conditions transforming the way science is made and

enabling trillions of dollars in commerce.

A new laser revolution is under way with pulsed petawatt-class lasers

that deliver nearly 100 times the total world’s power concentrated into a

pulse that lasts less than one-trillionth of a second [51].
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We will show and explain some of the phenomenology and calculations re-

lated to nonlinear processes in quantum electrodynamics, experiments which

have made the efforts to measure the theory in the non-perturbative region.

2.2 Historical facts in High Intensity Laser

experiments

It is known that Quantum Electrodynamics (QED) is a successful theory. It

has been tested with outstanding precision in numerous experiments. This

fact motivates to go further and test the theory under more challenging con-

ditions as the one that can be found in intense background electromagnetic

field. There are some observables that are not accesible by means of pertur-

bation theory, the Breit Wheeler process –the creation of massive particles

from massless photons– is one of these observables. It has not been observed

due to the difficulty to prepare colliding beams of gamma rays, however

there is a related nonlinear process which would be possible to observe using

intense beams.

The first attempt of measuring strong field effects in QED was done at the

SLAC E144 experiment in 1997 [22]. They demonstrated for the first time

the process of turning light into matter or “sparkling the vacuum”. At the

Stanford Linear Accelerator Center (SLAC), the 20-physicist collaboration

focused an extremely intense laser beam at a beam of high-energy electrons,

to create a field as close as possible to critical, where the fields are so strong
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that their energy can be converted directly into the creation of e+e− pairs.

. The collaboration started with a short-pulse glass laser that packs a half-

trillion watts of power into a beam measuring just 6 micrometers across at its

narrowest point, resulting in extraordinary intensities (0.5 × 1018 W/cm2),

the aim was to study QED near the critical electromagnetic field [5].To in-

crease the energy of the photons, the team collided the pulses with SLAC’s

30-micrometer-wide pulsed beam of high-energy electrons. When the laser

photons collided head-on with the electrons, they got a huge energy boost,

changing them from visible light to very high-energy gamma rays. These

high-energy photons then rebounded into the path of incoming laser pho-

tons, interacting with them, a collision with four laser photons concentrated

enough energy in one place to produce electron-positron pairs. Such par-

ticle pairs are often spawned in accelerator experiments that collide other

particles at high energies, and photons produced in the collision are the im-

mediate source of the pairs. But in those experiments, at least one of the

photons involved is “virtual”–produced only for a brief moment in the strong

electric field near a charged particle of matter. The SLAC experiment marks

the first time matter has been created entirely from ordinary photons.

Nevertheless in this case they were not able to reach non-perturbative

regime. Nonlinear Compton Scattering [13], light by light scattering, pair

production, and trident process were measured, but all of them out the

strong field regime.

There are two ways to measure how strong is a field. One of them is

only possible by going above the critical field, this is the case in where the
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difference in the potencial associated to the electric field is bigger in one

Compton wavelength than the rest energy of the electron.

The second case occurs when the potencial difference is bigger in one

wavelength than the rest energy of the electron. This is also called the

“static limit”, and it is defined by the laser nonlinearity parameter:

ξ =
eE

mew
=
me

w

E

Ec
, (2.1)

where me is the mass of the electron, w is the laser frequency, e is the

electron charge, E is the electric field and Ec is the Schwinger critical field.

This parameter represents the work, referred to mec
2, performed by the field

over the wavelength. When ξ is small the processes have the smaller amount

possible of photons, the probabilities related are perturbative and the plane

wave plays the role of individual photons. When the parameter ξ is of order

or bigger than 1 the processes become multiphoton and the probabilities

have a nonlinear dependence on the field or on the photon-number density.

Recently there is new interest in study QED at extreme conditions. The

facilities are in construction and new extreme intensities are planned to

reach in the near future. This would allow to get closer to the critical field

and intensity of QED theory and observe interesting processes in the non-

perturbative regime. It is expected that new lasers would reach the 100PW

power and intensities near 1025 W/cm2 at the focussing point.

Another related experiment is going to take place at DESY (Deutsches

Elektronen-Synchrotron) where an electron beam of 17.5GeV and a laser of

36



γ Spectrometer

High energy
electrons

Bremsstrahlung converter

High energy photon

High intensity laser beam

e+/e− Deflection system
e+/e− Spectrometer

Figure 2.1: Sketch of an experiment to produce high energy photons by
bremsstrahlung conversion in a high-Z thin target and to cross them with a
laser beam to let them decay into electron-positron pairs. Switching off the
laser allows for a determination of the bremsstrahlung spectrum. Remov-
ing the target allows in addition for the study of High Intensity Compton
Scattering (HICS) , followed by OPPP, and of the one-step trident process.

expected 1020W/cm2 peak at the focussing point are going to be brought into

collision. It is expected to see pair production around 3 × 1018 W
cm2 in the

non-pertubative regime [34]. This second chapter and the project related

[34] is the result of the work under the supervision of Professor Andreas

Ringwald and in collaboration with Anthony Hartin, in the physics case of

this experiment. We worked on the rates of electron positron pair production

for the Luxe experiment (Laser und XFEL.eu experiment) and we propose a

completely new experimental set up in order to produce high energy photons
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by Bremsstrahlung (see Figure 2.1). The results here presented for electron

positron pair production are under the consideration of this experimental

set up and the parameters related to it.

The theory behind SLAC experiment and in the most recent predictions

for pair production rates [34] is the one orchestrated in the 60’s by Narozhny,

Nikishov and Ritus [58]. In this theory it was considered a circularly po-

larised laser beam in order to simplify the calculations. Nowadays, new

methods are used to obtain the rates of electron positron pair production,

the focussing of the laser, the pulse length and geometry considerations are

taken into account to have in mind non-ideal effects [19, 18, 17, 16, 49].

This effects would considerably affect the rates and even suppressed them

at certain level. In this sense there is much to be done yet.

2.3 QED processes in the background of a

high intensity electromagnetic wave

For nonlinear Compton Scattering the scenario thought is a High Intensity

laser beam brought into collision with an electron beam. It is expected

that at High intensities and due to the effective mass of the electrons in the

background of the laser beam, the Compton edge will suffer a substantial

red-shift [35] in the photon spectrum (see Figure 2.4). Emission rates in

this case reach their global maxima at this edge, followed by smaller peaks

corresponding to higher harmonics. At the SLAC E-144 experiment the
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method chosen to create high energy photons was this one, and the Compton

edge play a crucial role at the time to get the higher energy possible for

the hard (high energy) photon. Pair production was observed also at SLAC

experiment but it was related to a trident process in which both, high energy

electrons and photons can interact with the laser photons. In this process

a pair e−e+ is produced. In their case and as there was no existent theory

related to the process [5], the rates were estimated as a two step process.

The first step involves high energy virtual photon by nonlinear Compton

Scattering, then this photon will interact again with the laser photons as

a nonlinear Breit-Wheeler pair production. Due to the Compton edge the

higher intensities for the higher photon are suppressed and therefore also the

pair production rate.

Some definitions

The abundance of strong field QED processes can be categorised in two

groups: loop and tree-level processes. Heisenberg-Euler effective Lagrangian

is obtained by summing in all orders the loop diagram (as vacuum polariza-

tion) at low energy, which later can be used to obtain the non-perturbative

mechanism of spontaneous pair production in vacuum [35]. It can be found

in the literature [35, 5, 58, 50] a diverse way to define the invariants and

the rates for non-linear Compton Scattering, also named as the emission of

a photon by an electron in an intense electromagnetic field. In this case

we will follow the notation of [50], only varying some definitions for the
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parameters in a convenient way and only showing here the most essential

expressions as the rates and the definition of the parameters involved in the

process itself. The derivation of this formulae can be found extensively in

[58].

In papers previous to [50] ([52, 53]) different processes probabilities in

QED were calculated for a linearly polarized plane wave. The case for cir-

cularly polarized wave as it is showed here allows much simpler expressions

in terms of Bessel functions and one integral is dropped in comparison with

the linearly polarized case. Finally, this formulation makes possible to un-

derstand and analyse physical questions as the dependency of the processes

rates in the frequency of the wave or in the number of photons absorbed in

the process.

The solution of the Dirac equation in the field of the circularly polarized

wave has the form (see [52, 53, 50]):

ψp =

[
1 + e

k̂Â

2(kp)

]
u(p) exp

[
ie

(a1p)

(kp)
sinϕ− ie(a2p)

(kp)
cosϕ+ i(qx)

]
, (2.2)

where pµ is a constant four-vector determining the state, p2 = −m2, qµ =

pµ− e2a2

2(kp)kµ is the average kinetic momentum of the particle (“quasimomen-

tum”), q2 = −m2
∗ = −m2(1 + e2a2

m2 ), m2
∗ is the “effective” mass of the particle

in the field. This effect is also referred to as the “dressing” of the electron

in the background of the laser.

The probabilities showed below contain the differential probabilities and
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the probabilities in terms of the number of photons absorbed during the

specific process.

Photon emission

p

k′p′

Figure 2.2: Photon emission from an electron, the relation for the mo-
mentum is p2 = −m2, qµ = pµ − e2a2

2(kp)kµ and this represents the process

nk+ q = q′+k′, the absorption of “n”laser photons, resulting a high energy
photon k′.

The probability of emission of a photon by an electron per unit volume

per unit time, as a result of computing the matrix element for the transition

of an electron from the state φp into the state φp′ emitting a photon k′ (see

Figure 2.2), turns out to be equal to

FCompton(χe, ξ) =
e2m2nγ
16πq0

∞∑

n=1

∫ un

0

du

(1 + u)2
×

{
−4J2

n(z) + ξ2

(
2 +

u2

1 + u

)
(J2

n−1 + J2
n+1 − 2J2

n)

}

=
e2m2nγ
16πq0

∫ un

0

dufCompton(χe, ξ, u)n (2.3)
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it depends on the n number fo photons absorbed from the field. The emission

of a photon of momenta k′ is only possible if more than one photon with

momenta k is absorbed. This process can happen due to the quasimomenta

definition for the electron un the background of the laser.

The dependency on the Bessel functions is a manifestation of the nonlin-

earity of the process. Another invariant is the variable u and the upper limit

in the integral un together with the Bessel function argument z are defined

as follow:

u =
(kk′)

(kq′)
, un =

−2n (kq)

m2∗
= 2

(nχe)

ξ(1 + ξ2)
, z =

(
ξ2
√

1 + ξ2

χe

)
√
u(un − u).

(2.4)

This probability, as well as the probability for a linearly polarized wave,

depends on two invariants which have been chosen in the form

ξ =
ea

m
, χe = −ξ(kp)

m2
= e

√
(Fµνpν)

2

m3
, (2.5)

where a is the amplitude of the vector potential associated with the electro-

magnetic field and Fµν is the amplitude of the intensity of the field.

The amplitude a is related to the average photon number density nγ or

with the average density η by the relation

a =

√
nγ
Ω

=

√
η

Ω
(2.6)
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Figure 2.3: Probability emission distribution for FCompton(χe, ξ)n, F
0
Compton =

e2m2nγ
16πq0

in terms of n photons absorbed for a constant recoil parameter χe = 1

and laser parameter ξ = 0.5 (red) and ξ = 1.0 (blue). We can easily un-
derstand from this, that the rates are smaller of each new photons absorbed
and this will mean later that the most important contributions will come
from the first harmonic.

The electron recoil parameter χe is written in a more suitable way to

make the calculations, in terms of the electron beam energy p→ Ee and the

laser photon energy k → w.

χe =
Ee

m

w

m
(1 + cos θ)ξ (2.7)

The parameter χe constitutes the work performed by the field over the
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Figure 2.4: Probability emission distribution for fCompton(χe, ξ, u)n/ξ
2 in

terms of the variable u for different values of n photons absorbed for a
constant recoil parameter χe = 1 and laser parameter ξ = 0 (black) and
ξ = 1.0 (blue).

Compton length in the particle rest system, it is responsible on the magni-

tude of the nonlinear effects, which are optimal for the regime ξ much bigger

than 1 at χe ∼ 1.

As can be seen in Figure 2.3 the rate of nonlinear Compton Scattering

decreased with the higher harmonics. This will cause that the peak contri-

bution will come from the first harmonic, which has the smaller high energy

photon emission energy and this will make the pair production rate to be

smaller in the case of the trident process as expected in SLAC experiment.

This is one of the main reasons why in the case of LUXE experiment an-
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other way to produce the high energy photon was proposed, Figure 2.1. It

is easier to see from Figure 2.4 were the shift in the Compton edge is visible.

The mass shift caused by the laser parameter increasing has as a result the

shift in the energy of the Compton edge. To study the different rate for a

fixed value of recoil parameter allow us to study in a qualitatively way the

probability of the process.

Pair creation

k′ → l

−pp′

Figure 2.5: Pair production by a photon in the background of an intense
electromagnetic wave, the relation for the momentum is p2 = −m2, qµ =

pµ − e2a2

2(kp)kµ and this represents the process nk + k′ = q + q′ .

If in (eq. (2.3)) the replacement p → −p, k′ → −l is carried out, and

reverse the common sign of the expression we can obtain the probability

for the production of a pair by a photon of momentum l evaluated per unit

volume and per unit time:
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Fpp(χγ, ξ) =
e2m2nγ
16πl0

∑

n>n0

∫ vn

1

dv

v
√
v(v − 1)

×
{

2J2
n(z) + ξ2 (2v − 1)

(
J2
n−1(z) + J2

n+1(z)− 2J2
n(z)

)}

=
e2m2nγ
16πl0

∫ vn

1

dvfpp(χγ, ξ, v)n (2.8)
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Figure 2.6: Probability emission distribution for Fpp(χγ, ξ)n, F
0
pp =

e2m2nγ
16πl0

in terms of n photons absorbed for a constant recoil parameter χγ = 1 and
laser parameter ξ = 0.35 (green), ξ = 0.6 (yellow), and ξ = 1.0 (blue).

v =
(kl)2

4(kq)(kq′)
, vn =

n

n0
, n0 = −2m2

∗
(kl)

=
2ξ(1 + ξ2)

χγ
, (2.9)
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z = 4

(
ξ2
√

1 + ξ2

χγ

)
√
v(vn − v). (2.10)

This probability, as well as the probability for a linearly polarized wave,

depends on two invariants (being the first the laser parameter ξ) which have

been chosen in the form

χγ = ξ
(kl)

m2
= e

√
(Fµν lν)2

m3
. (2.11)

And also, for convenience can be written in terms of the kinematic pa-

rameters in the process

χγ =
ω

m

w

m
(1 + cos θ)ξ (2.12)

being ω the high energy photon energy in eV and θ the collision angle.

When the nonlinearities are present, for a n number of photons, the

cross section gets lowered (see Figure 2.7 and also Figure 2.6). This is an

immediate effect of the mass shift effect. As can be seen in eq. (2.9) for

higher laser parameters more and more photons are needed to create one

pair. As a compensation for the effects due to the mass shift, the growing

contribution of multi-photon terms [32], this allow the process to be possible

even below the Breit-Wheeler threshold.
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Figure 2.7: Probability Fpp(χγ, ξ) of pair production, F 0
pp =

e2m2nγ
16πl0

in terms
of n the laser parameter for a constant recoil parameter χγ = 0.5 (red),
χγ = 1 (blue) and χγ = 1.5 (black). The dashed line correspond in any case
to the asymptotic value for the probability in 2.13.

The static limit

In the laser parameter, eq. (2.1) there is an interesting limit, in which the

non-perturbative and nonlinear behaviour is observed. This parameter is

bigger than one when the field of the process higher in magnitude than the

critical Schwinger field. Also when the frequency is very small in comparison

with the other parameters in ξ. In this case the number of photons involved

in the process also increases to produce a pair and therefore the Bessel
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function argument too, and for that the Bessel functions can be replaced

by Debye’s asymptotic expansion, for high order and argument. Then the

integral and the summation are simplified to the next analytic formula

Fpp(χγ, ξ)asymp = F 0
pp

3

4

√
3

2
χγ exp

[
− 8

3χγ

(
1− 1

15ξ2

)]
(2.13)

Expression (2.13) is only valid for ξ & 1√
χγ
� 1, and F 0

pp =
e2m2nγ
16πl0

. This

expression represents the dashed lines in Figure 2.7 . For laser parameter

much smaller than 1 (ξ � 1), the behaviour is as expected, the rate depends

quadratically on the coupling constant, thus ξ (see Figure 2.7, dotted lines)

as can be expected from perturbation theory.

Bremsstrahlung spectrum

The case of the Bremsstrahlung spectrum can be approximated as

ω
dNγ

dω
∼ X

X0

(
4

3
− 4

3

ω

E
+
(ω
E

)2
)

(2.14)

Instead of obtaining the high energy photons by means of nonlinear

Compton scattering, we propose a laser assisted one photon Bremsstrahlung

pair production (OPPP) (see Figure 2.1), and in order to obtain the rate of

pairs produced we integrate the rate of pair production in this spectrum.

According to [9] the integral over the bremsstrahlung spectrum can be

obtained from the next expression
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∫ Ee

0

Fpp(χγ(ω), ξ)
dNγ

dω
dω (2.15)

Integral for the complete rate

In the case of the complete rate the procedure followed is;

NOPPP =
e+e−pairs

(electronbunch) ∗ (lasershot)

=

∫ Ee

0

(
1

ω

)[
X

X0

(
4

3
− 4

3

ω

E
+
(ω
E

)2
)]

Fpp(χγ(ω), ξ) dω

=

∫ Ee

0

(
1

ω

)[
X

X0

(
4

3
− 4

3

ω

E
+
(ω
E

)2
)]∑

n>n0

∫ vn

1

dv

v
√
v(v − 1)

F 0
pp×

{
2J2

n(z) + ξ2 (2v − 1)
(
J2
n−1(z) + J2

n+1(z)− 2J2
n(z)

)}
dω, (2.16)

the integral, taken over ω can be seen in Figure 2.8 as the solid line, repre-

senting this entire calculation without approximations..

Integration for the limiting case ξ >> 1

Having in mind the result for ξ >> 1 from [58], the behaviour of the OPPP

rate would be in such a way the the most important contribution comes

from the neighbourhood of χγ = 1 , (see Figure 2.10), so the behaviour of

the Bremsstrahlung spectrum is crucial around this limit, also the OPPP is

suppressed in the limit ξ >> 1.
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Figure 2.8: Number of e+e− pairs produced per electron bunch (6×109 elec-
trons of energy Ee = 17.5 GeV) impinging on the converter target (thick-
ness X/X0 = 0.01) and per laser shot (duration 35 fs) crossed with the
bremsstrahlung photons, as a function of the laser intensity parameter ξ,
for different values of χe, from Equation (2.16). The dashed line shows the
analytic prediction resulting from Equation (2.17), valid at ξ & 1/

√
χe � 1.

e+e−pairs

(electronbunch) ∗ (lasershot)
(2.17)

=

∫ Ee

0

(
1

ω

)[
X

X0

(
4

3
− 4

3

ω

E
+
(ω
E

)2
)]

Fpp(χγ(ω), ξ)asymp dω

=

∫ Ee

0

(
1

ω

)[
X

X0

(
4

3
− 4

3

ω

E
+
(ω
E

)2
)]

F 0
pp

3

4

√
3

2
χγ exp

[
− 8

3χγ

(
1− 1

15ξ2

)]
dω

=
X

X0

αm2nγ
E

9

128

√
3

2
χ2
γ exp

[
− 8

3χγ

(
1− 1

15ξ2

)]
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Here we have taken the asymptotic expression in eq. (2.13) and integrated

it over the Bremsstrahlung spectrum, obtaining an analytic expression for

the rate, which represents the dashed lines in Figure 2.10.

The rate of e+e− pairs

In order to get the number of pairs produced corresponding to every bunch

of electrons, we take (eq. (2.15)) which can be written in terms of ω or χγ

∫ χe

0

w(ξ, χγ)
dN

dχγ
dχγ =

e2m2nγ
16πE0

∫ χe

0

χe
χγ
F (ξ, χγ)

dN

dχγ
dχγ (2.18)

and calculate the value of the prefactor

e2m2 nγ
16π E0

=
αm2 nγ

4E0
. (2.19)

We can write the invariants in term of the intensity:

ξ = 7.495

(
I

1020 W
cm2

)1/2(
1 eV

ω

)
(2.20)

χe = 0.4985 (1 + cos θ)

(
Ee

17.5 GeV

)(
I

1020 W
cm2

)1/2

, (2.21)

and get number for the rate of electron positron pair production in terms

of a parameter of interest for the experiment laser, some values of it to have

a reference are shown in Table 2.1.
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It is important to remark that the result obtained in this chapter regard

processes in the field of a plane circularly polarized electromagnetic wave.

The probabilities for processes in the field of a linearly polarized wave can

be checked in [58]. For that case the results are much more complex and the

simplification carried in this case, thank to Debye’s Asymptotic expansion

cannot be done, only in limiting cases the expressions can be simpler.

For circularly polarized waves the probabilities are exact and straightfor-

ward, expressed in terms of Bessel functions which makes it much easier to

study its rates and a number of physical quantities.

Intensity [ W
cm2 ] χe (χγ) ξ

5x1018 0.219138 1.08125

1x1019 0.309908 1.52911

5x1019 0.692975 3.4192

1x1020 0.980014 4.83548

Table 2.1: The laser intensity parameter ξ and the electron recoil parameter

χe, as a function of the intensity, eq. (2.20) and eq. (2.21).

The probability of pair production for constant photon recoil parameter

χγ depends essentially non monotonically on ξ, it can be seen the different

maxima, becoming less pronounced for higher laser parameter ξ. This be-
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haviour is intimately connected with the fact that pair production process

possesses a threshold number of photons ( eq. (2.9)) needed to be absorbed

from the laser to create one pair, and which value increases with the growth

of ξ. If the laser parameter increases (or the intensity), the minimum number

of photons needed for the process to occur also will increase.

For higher ξ a larger number of terms drops out from the integral for

n = 1 and up to n ≤ n0. The main contribution for small ξ come from

n = 1, thus this term dropping out is easily noticeable in Figure 2.7 and

Figure 2.8.

2.4 Results

In Figure 2.9 in can be appreciated that at least one pair would be measur-

able around 3 × 1018 W
cm2 . Here red dashed lines represent the asymptotic

result after integration eq. (2.17) using eq. (2.20) and eq. (2.21) to express

this result in terms of the intensity of the laser, which is much easier way to

understand the results obtained from an experiment. Black dots represent

the complete rate integrated under the Bremsstrahlung spectrum as shows

eq. (2.16). The rate, for a fixed electron beam energy of 17.5GeV in terms

of the intensity shows that for a peak intensity of 1020W/cm2 the number of

pair production is going to be around 106 pairs per bunch. In order to have

an “error bar ” we have considered the possibility of a deviation from the

nominal value of the critical electric field of QED, being this of a 10% higher

(green dashed lines) and lower (blue dashed lines). In both cases this shows
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Figure 2.9: Number of e+e− pairs produced per electron bunch (6 × 109

electrons of energy Ee = 17.5 GeV) impinging on the bremsstrahlung target
(thickness X/X0 = 0.01) and per laser shot (duration 35 fs, laser frequency
ω = 1.55 eV) crossed with the bremsstrahlung photons at an angle of θ =
π/12, as a function of the laser intensity. The dashed line shows the analytic
prediction resulting from 2.17, exploiting the relations 2.20 and 2.21. The
dotted (dot-dashed) line shows the same analytic prediction, but for the case
where the value of the Schwinger critical field Ec deviates by a 10 percent
down (up) its nominal value.

a difference of around one order of magnitude for small intensities and this

difference becomes smaller at intensities near 1020W/cm2.
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Figure 2.10: Limiting value ξ >> 1 of pair-production probability as a
function of χγ. As the parameter χγ is responsible of the magnitude for the
nonlinearities effects, for ξ >> 1 it is seen that these effects are optimal for
χγ ∼ 1 even when asymptotic results are only valid for χγ << 1

Higher order terms contribute to larger ξ and n and the loss of terms

with small n becomes unnoticeable. If we focus on Figure 2.10, the depen-

dency on ξ for small χγ is acutely non monotonic. After some convenient

ratio, the probability maxima become of the same order and the monotonic

nature of the curve gets smoothed out. Figure 2.10 shows the limiting value
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of the probability for ξ ∼ ∞. This limit have a tremendous impact when

the behaviour observed is in the non perturbative regime, the most impor-

tant contribution comes from the limit χe ∼ 1, even when the asymptotic

expression is only valid when this parameter is smaller than one.
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Conclusions

In the present thesis, there has been discussed two projects that were part

of this PhD thesis. The first of them was the correction to the dark fermion

magnetic moment [15] and the second the computation for the rates of elec-

tron positron pair production near the non perturbative Schwinger regime

[34]. Conclusions for both problems are listed below. Also during the thesis,

articles were named, which have not been discussed here and in which have

also been part of this thesis project. They have been added as an appendix

at the end of this work.

Dark Matter and Kinetic Mixing: Anomalous

Magnetic Moment of a Dark QED Fermion

For a model of Dark Matter quantum electrodynamics, coupled to a visi-

ble photon it was computed the anomalous magnetic moment of the dark

fermion. The coupling to visible matter is by mean of a kinetic mixing term,

which connects the dark and visible sector of the universe. In correspon-

dence to QED, a dark QED fermion should have a gyromagnetic factor gΨ
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related to the correction of the magnetic moment.

In this case there are two contributions for the form factor in which the

gyromagnetic factor value is hidden. It has been found that in a case in

which only dark matter is involved in the process and the case in which the

dark matter vertex includes an external visible photon are related by means

of the form factor and only differ by a constant associated to the order of

interaction for the kinetic mixing parameter.

An expression as been found for the gyromagnetic factor gΨ for the case

in which a visible photon interacts with a dark fermion and the vertex has a

dark virtual photon in the loop and in the case in which the external photon

is dark g′Ψ.

Measuring the boiling point of vacuum of

quantum electrodynamics

The rate of electron positron pair production in a Bremsstrahlung Spectrum

has been computed, considering the new set-up to use at the LUXE experi-

ment at DESY (see Figure 2.1). It has been found that the rates correspond-

ing to Spontaneous Pair Production and Bremsstrahlung laser-assisted one

photon pair production in the limit of for ξ & 1√
χe
� 1 are closely related:

ΓSPP

V
=

m4
e

(2π)3

( |E|
Ec

)2 ∞∑

n=1

1

n2
exp

(
−nπ Ec

|E|

)
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ΓBPPP →
9

128

√
3

2
αEe (1 + cos θ)2

( |E|
Ec

)2

exp

[
−8

3

1

1 + cos θ

me

ωi

Ec

|E|

]
.

Even though there is a small range of parameters in where the asymp-

totic approximation holds, the number of pair expected to be produced is

favourably high, enough to be measured with the present technology and

it should be possible to measure the Schwinger critical field in this kind of

experiment.

One pair at least should be measured around an intensity above 3 ×
1018 W

cm2 , which is below the range described above. The perturbative regime

starts at 5 × 1018 W
cm2 , for the parameters that will take place at the LUXE

experiment.

The behaviour of the rate in terms of the intensity and also on the value

of Ec shows, that a slight variation of the 10% on the last one would affect

the rate in approximately one order of magnitude with this difference being

smaller for higher intensities.
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Appendix A

Negative mass bubbles

Introduction

The Schwarzschild solution is an exact vacuum solution of the Einstein equa-

tions which contains the mass as the only free parameter. The solution has

a singularity at Schwarzschild coordinate r = 0, which is called a black hole,

for a positive mass, and the singularity is hidden behind a null surface called

the event horizon. If an observer stays outside the event horizon, he is safe

from the singularity. However, if he crosses over the null surface and enters

the black hole he cannot avoid the singularity and in finite time he is ripped

apart by the infinite gravitational stresses that occur at this point. On the

other hand, for a negative mass, the singularity is naked as it has no event

horizon covering it [45]. However, it is point like, and occurs at a fixed spa-

tial position. An observer can view the singularity from a distance, and in

principle, every observer who chooses not to impinge on the singularity can
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avoid it forever. Indeed, the singularity of the negative mass Schwarzschild

solution appears to be relatively benign compared to the one of a positive

mass. The most basic example of this kind of singularity would be a point

charge in the case of electrodynamics

The corresponding electric field is in principle, singular at the location

of the point charge, and the total energy is infinite. From a large distance,

a singular point charge is harmless, we can simply avoid it, and at close dis-

tance we expect that the singular nature of the charge will be smoothed out

by a concentrated but non-singular charge density. The analogous situation

in the context of general relativity and the negative mass Schwarzschild so-

lution, is to ask if there is a non-singular distribution of energy momentum

density that smooths out its singularity.

The idea of this study is to find a configuration in which the mass of

the bubbles would be negative, seen from the outside, in a Schwarzschild

de-Sitter space, having into account the dominant energy condition and the

stability of the bubble. The dominant energy condition is equivalent to the

statement that no Lorentz observer can see the energy momentum to be

moving out of the future directed light cone. It has been established [41]

that the possibility of non-singular negative mass configurations could exist

that correspond to physically reasonable energy-momentum. In a following

article, [46] it was shown that with energy and momentum given by a ideal

fluid, there exist bubble like configurations which exterior to the bubble

correspond exactly to the negative mass Schwarzschild-de Sitter space-time.

Negative mass objects would be exotic matter and would exhibit new phe-
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nomena [44]. As Luttinger stablished on his prize winning essay “One neg-

ative mass”, negative mass objects would gravitationally repel all objects of

any mass (positive or negative), while positive mass objects, regular matter

would gravitationally attract all objects of any mass, as we usually define

it. A negative mass object will follow a positive mass object and they would

move in the same direction, among some other interesting behaviour.

Details

The energy momentum tensor of a perfect fluid, considering the cosmological

constant would be

T µν = (ρ+ P )UµU ν + Pgµν + Λgµν. (A.1)

If this is plug into the Einstein’a field equation

Rµν = κ

(
Tµν −

1

2
gµνT

)
, (A.2)

where κ = 8πG. With T = −ρ+ 3P so

Rµν = κ

[
(ρ+ P )UµU ν +

1

2
(ρ− P )gµν

]
+ Λgµν. (A.3)

If we assume a static spherically symmetric interior described by the

metric

ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ2 (A.4)

75



The field equation implies

Rtt =
A′′

2B
+
A′

rB
− A′

4B

(
A′

A
+
B′

B

)
=

[
1

2
κ(ρ+ 3P ) + Λ

]
A (A.5)

Rrr = −A
′′

2A
+
B′

rB
− A′

4A

(
A′

A
+
B′

B

)
=

[
1

2
κ(ρ− P )− Λ

]
B (A.6)

Rrr = 1 +
1

B
− r

2B

(
A′

A
− B′

B

)
=

[
1

2
κ(ρ− P )− Λ

]
r2. (A.7)

To get rid of the second derivative the next combination is useful

Rtt

A
+
Rrr

B
+ 2

Rθθ

r2
=

(
2

r2
− 2

r2B
+

2B′

rB2

)
= 2(κρ+ Λ). (A.8)

From here we find that for B

B =

(
1− 2m(r) + Λr3/3

r

)−1

, (A.9)

considering the next definition for the mass m(r) =
∫ r

0
κ
2ρ(r′)r′2dr′. An

equation for A can be found in a similar way, using Rtt
A + Rrr

B − 2Rθθr2 , which

gives

1

rB

A′

A
− 1

r2
+

1

r2B
= (Pκ− Λ) (A.10)

and can also be written as

A′

A
=
B

r2

(
2m(r) +

(
Pκ− 2

3
Λ

)
r3

)
. (A.11)
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The condition for hydrostatic equilibrium on the pressure gradient P ′ =
dP
dr , which together with the equation for the field A lead us to the Tolman-

Oppenheimer-Volkoff (TOV) equation

P ′ = −m(r)ρ(r)

r2

(
1 +

(
Pκ
2 − 2Λ

3

)
r3

m(r)

)(
1 +

P

ρ(r)

)(
1− 2m(r) + Λr3/3

r

)−1

.

(A.12)

The dominant energy condition (ρ ≥ |P |) allow us to simplify the TOV

equation, neglecting a factor

P ′ = −m(r)ρ(r)

r2

(
1 +

(
Pκ
2 − 2Λ

3

)
r3

m(r)

)(
1− 2m(r) + Λr3/3

r

)−1

. (A.13)

In this case we look to the case in which the fluid is the Chaplygin gas

whose equation of state is

P = −C
ρ

(A.14)

This give rise to the following system of first-order differential equations

for P and M

dP

dr
=
m(r)C

r2P

(
1 +

(
κP
2 − 2Λ

3

)
r3

m(r)

)(
1− 2m(r) + Λr3/3

r

)−1

. (A.15)
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dm(r)

dr
= −κ

2

Cr2

P
, (A.16)

which is an interesting case for further studies. Generally this election is

related to dark energy.

The junction condition

The balance of the energy momentum flux through the interface gives rise

to what are called the Israel junction conditions

(1− 2m(r)/r − Λir
2

3
+ ṙ2)1/2 − (1− 2M/r − Λer

2

3
+ ṙ2)1/2 = 4πσr (A.17)

Squaring twice and rearranging the terms

ṙ2 =
1

576π2r4σ2

[
12m(r)

(
3m(r)− 6M + r3

(
−Λe + Λi + 48π2σ2

))

+ 96π2r3σ2
(
6M + r3(Λe + Λi)− 6r

)
+
(
6M + r3(Λe− Λi)

)2
+ 2304π4r6σ4

]

Wich can also be written in the next way, considering that V (r)+ 1
2 ṙ = E

and we expect a completely stable solution which correspond to E = 0, thus

V (r) = − α
r4
− β

r
− γr2 +

1

2
(A.18)

with

78



α =
1

32π2σ2
(m(r)−M)2 ,

β =
1

96π2σ2
[(Λe − Λi) (M −m(r))] +

m(r) +M

2
,

γ =
1

1152π2σ2
(Λe − Λi)

2 +
Λe + Λi

12
+ 2π2σ2

0 5 10 15 20

-20

-10

0

10

20

30

r

V
(r
)

Figure A.1: For parameters α = 0.16, β = −10., γ = −0.08 the function
V(r). It can be seen that the potential has a local minimum, not stable
and we need higher orders in the potential to modulate the behaviour of the
bubble.

The second junction condition correspond to

8πϑr =
1− m(r)

r − 2Λir
2

3 −m′(r) + rr̈√
1− 2m(r)

r − Λir2

3 + ṙ2

− 1− M
r − 2Λer

2

3 + rr̈√
1− 2M

r − Λer2

3 + ṙ2

(A.19)
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In this sense we found a dynamic expression for the radius of the bubble,

but in order to completely specify its stability we need to now m(r), and this

give us infinite possibilities, to find a minimum in the potential. We look a

way to restrict the mas seen from the outside of the bubble, by specifying

that it has to go to zero near the origin and the dominant energy conditions.

Dynamic master equation

According to [62] the dynamic ‘master equation ’can be written terms of the

masses of the problem, being m+(a) = −M + λa3/6 the mass exterior to

the radius a, ms(a) = 4πσa2 the mass of the shell itself and m−(a) the mass

inside the radius a, being a the surface of the bubble.

In this case the potential has the form

V (a) =
1

2

(
−
(

(m−(a) +m+(a))

ms(a)
+
ms(a)

(2a)

)2

+

(
4
m−(a)m+(a)

ms(a)2

)
+ 1

)
,

(A.20)

and is a consequence of the junction condition.

If we impose a potential having a minimum we can find the corresponding

m−(a) for this potential. Solving for the mas m−(a) then it is found that

m−(a) = ∓ms(a)
√
−2m+(a)− 2aV(a) + a√

a
+ m+(a)− ms(a)2

2a
(A.21)
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The mass near the center is expected to be zero, and for that the potential

near zero can be found to fulfil this condition. Only the positive root for

m−(a) will make the potential force the mass to go to zero at a = 0. The

shape of the potential near zero would be

V (a) =
1

2

(
1 +

2M

a
− M 2

ms(a)2

)
, (A.22)

and away from zero could have higher powers of a that would respect the

shape near zero.
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m-(a)

d
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(m' (a)
a2

) ≤ 0

d

da
(a2m'(a)) ≥ 0

Figure A.2: The dominant energy conditions for the mass of the bubble, for
parameters {M = 0.01,Λ = 0.001, σ = 0.001}

So we look for a potential of the shape

Va→0(a) =
α

a4
+
β

a
+ γa2 +

1

2
(A.23)
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and that will also fulfil the dominant energy condition. The dominant energy

condition is equivalent to the next two inequalities,

d

da

(
m′(a)

a2

)
≤ 0 (A.24)

d

da

(
m′(a)a2

)
≥ 0 (A.25)

When this potential Va→0(a) is inserted in m−(a) it fulfils the conditions

above for a→ 0. It is clear from Figure A.2 that higher powers are needed

to have a minima and fulfil the dominant energy conditions.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-0.6
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-0.2

0.0

0.2

0.4

r

|M|=0.01, Λi=-0.01, Λe=0.001, σ=0.001

m-(r)

d

dr
(m' (r)
r2

) ≤ 0

d

dr
(r2m'(r)) ≥ 0

Vr→ 0(r)

Figure A.3: Dominant energy conditions, for parameters {M = 0.01,Λi =
0.001,Λe = 0.001, σ = 0.001}

If we check the conditions mentioned above, that is the stability for

the potential and the dominant energy conditions, we find that there is no

minimum for the potential in the range in which the stability and energy

82



conditions are fulfilled, as we can see in Figure A.3. The mass (blue) is

positive and goes to zero near the origin, the dominant energy conditions

are satisfied but the potential has no minimum and that means that the

solution is not stable.

As we can see in the previous figure, it is necessary to add higher order

terms that will not contribute to the potential near the origin but that could

make a minimum further.

Stable negative mass solutions

It can be understood from the previous section that we need a potential that

approaches zero with a power r−4. If we take again m−(a) in eq. (A.21) and

clear V (a) for it we get, now in terms of r

m−(r) = −8π2σ2r3 +−M +
Λr3

6
+ 4πσr2

√
1− 2V (r)− 2M

r
− Λr2

3
. (A.26)

The leading order contribution from the square root near zero is the r−4

term. So we take a potential with the shape

− 2V (r) =
1 + Ṽ (r)

σ2r4
(A.27)

it is found for the mass equation that
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m−(r) = M

[
−1 +

1

2

(
Λ− σ2

)
r3 +

√
1 + Ṽ (r) + σ2r4 + 2σ2r3 − Λσ2r6

]
.

(A.28)

Now if we define a new function

(1 + U(r))2 = 1 + Ṽ (r) + σ2r4 + 2σ2r3 − Λσ2r6 (A.29)

and we get a simple expression for the mass

m−(r) = M

(
1

2

[
Λ− σ2

]
r3 + U(r)

)
(A.30)

Now, the dominant energy conditions can be refrased as

d

dr

(
m′−(r)

r2

)
≤ 0 and

d

dr

(
m′−(r)r2

)
≥ 0 (A.31)

and now we can write

d

dr

(
U ′(r)

r2

)
≤ 0 and 6

[
Λ− σ2

]
+

d

dr

(
U ′(r)r2

)
≥ 0. (A.32)

Finally what is left it is, to choose Ṽ (r) and U(r) in such a way the

they both fulfil the dominant energy conditions described above, that the

mass is zero when it approximates the origin and that the potential V (r)

has a minimum at a certain r, where all these conditions are fulfilled. If

this is the case then the bubble will have a dynamic equation with a stable

configuration.
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Photons and Dark Photons Through
Breit-Wheeler Processes

Ariel Arzaa, Jorge Gamboaa, and Natalia Tapiaa∗
a Departamento de F́ısica, Universidad de Santiago de Chile, Casilla 307, Santiago, Chile

A variant of quantum electrodynamics coupled to a dark photon through a kinetic mixing is
studied. The analogous of the light-light diagram becomes the conversion process γ′γ′ → γγ and an
expression for the differential cross section is estimated. For high energies beams, as in LHC, this
differential cross section could be measurable and its magnitude would be typically similar to the
total cross section of neutrinos, i.e. ∼ 10−50 m2.
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I. INTRODUCTION

One the most important challenges of particle physics in these days is to explain the origin, formation and dynamics
of dark matter. Until now even though the existence of dark matter is well established result through the curves of
rotation velocity of galaxies and formation of large structures, such as galactic halos and galaxy clusters. However,
there are no other sufficiently robust sources corroborating its existence.

According to recent observations of the Fermi Gamma Ray Telescope [1] and others [2–6], an excess of photons is
observed which can be explained, on the side, as a consequence of nearby pulsars or remnants of supernovas or, are
simply processes of annihilation of dark matter processes in our galaxy.

In the latter context some explanations have been given, for example through the self-interacting dark matter
models where the large effective cross section are explained, for example, through Sommerfeld enhancement [7, 8].

In this note we propose a mechanism that produces an excess of visible photon, which could be attributed to
Breit-Wheeler process [9] in the sense is showed in the diagram

FIG. 1: This diagram corresponds to the γ′γ′ → γγ scattering where γ′ are dark (hidden) photons and γ visible ones.

Formally this process can be seen as follows; if we cut the diagram as

FIG. 2: Note that the cut line just describes two different physical processes, the left han side is a Breit-Wheeler ones and the right hand
side is a pair annihilation.

then –in this mental image– one can see how the left hand side becomes a Breit-Wheeler process while the right
hand side is just an annihilation one, however this constructus is theoretical and it is useful only to explain how dark
photons could be converted to visible photons and viceversa. However in a general context, we need construct a
framework where the vertices in FIG. 1 are reproduced and this is another of the goal of this letter.

II. THE FRAMEWORK

Physically, for visible photons, the annihilation and creation of pairs are related by

σc = 2|v|2 σa, (1)

where c and a denotes creation and annihilations of pairs respectively and v is the velocity of the pair. This formula
was found by first time by Breit and Wheeler in 1934 although the Breit-Wheeler process γγ → e−e+ up to now
remain as a non-observed prediction of QED.

The Breit-Wheeler process is much more difficult to produce than annihilation of pairs one. One can note that
the equality between cross sections for Breit-Wheeler processes and annihilation pairs could be roughly similar only
for extremely energetic massive particles. In [10] a photon-photon collider was proposed for detecting Breit-Wheeler
process using a high power laser, but so far, there are no conclusive results.
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Basically in a real processes one need to compute the total cross section

σtotal = σ
(
γ′γ′ → e+e− → γγ

)
, (2)

and this formula must show how dark photons are converted in visible ones and the calculation of this observable is
another goal of this letter.

In order to implement our ideas let us consider the Lagrangean of QED

LQED = ψ̄ (i∂/ +A/ −m)ψ − 1

4
Fµν(A)Fµν(A), (3)

and we add the term

Lint = −1

4
Fµν(B)Fµν(B) +

ξ

2
Fµν(B)Fµν(A) +

1

2
m2
γBµB

µ. (4)

where we have added a term corresponding to the kinetic mixing term Fµν(B)Fµν(A) introduced in [11] with Bµ a
dark photon and mγ the mass of this photon.

The total Lagrangean is

Ltotal = LQED + Lint. (5)

In order to do tractable this Lagrangean is convenient to diagonalize Aµ by defining the transformation

A′µ = Aµ − ξ Bµ, B′µ = Bµ,

(5) becomes

Ltotal = ψ̄
(
i∂/ +A/

′
+ ξ B/ −m

)
ψ − (1− ξ2)

4
Fµν(A′)Fµν(A′)− 1

4
Fµν(B)Fµν(B) +

1

2
m2
γBµB

µ, (6)

and redefining the field A′µ as
√

1− ξ2A′µ we have

Ltotal = ψ̄

(
i∂/ +

1√
1− ξ2

A/
′
+ ξ B/ −m

)
ψ − 1

4
Fµν(A′)Fµν(A′)− 1

4
Fµν(B)Fµν(B) +

1

2
m2
γBµB

µ, (7)

but as ξ << 1, we can approximate 1√
1−ξ2

≈ 1 and therefore (8) becomes

Ltotal = ψ̄ (i∂/ +A/ + ξ B/ −m)ψ − 1

4
Fµν(A)Fµν(A)− 1

4
Fµν(B)Fµν(B) +

1

2
m2
γBµB

µ, (8)

and the primes have been removed by simplicity.

Now we note that at fourth-order in perturbation theory the diagram FIG. 1 is reproduced where the vertices are
−iγµ and −i ξ γµ for visible and dark photons respectively.

Taking this fact in mind, the differential cross section per unit solid angle Ω, in the limit of low energy, [12] for
FIG. 1 is

dσ(s, θ)

dΩ

∣∣∣∣
γ′γ′→e−e+→γγ

= κ
α4ξ4

64π2m8
s3(3 + cos2 θ)2, (9)

where α = e2/4π is the fine structure constant, κ is a coefficient that depend of the explicit (difficult) calculation, but
that is not important for this analysis and s is the Mandelstam variable

s = (p1 + p2)
2
,

where p1,2 are initial dark photons momenta.
In the center of mass frame, s can be written as

s = 4
(
p2 +m2

γ

)
≡ 4E2,
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with E =
√
p2 +m2

γ the total energy of the dark photons.

Thus, we find

dσ(E, θ)

dΩ

∣∣∣∣
γ′γ′→e−e+→γγ

= κ
α4ξ4

π2m2

(
E

m

)6

(3 + cos2 θ)2. (10)

For the high energy limit (E � m), we do not have an analytical expression for differential cross section such as
(10), however it can be approached for θ = 0 and θ = π/2. We have

dσ(E, 0)

dΩ

∣∣∣∣
γ′γ′→e−e+→γγ

∼ α4ξ4

π2m2

(m
E

)2(
ln
E

m

)4

(11)

and

dσ(E, π/2)

dΩ

∣∣∣∣
γ′γ′→e−e+→γγ

∼ α4ξ4

π2m2

(m
E

)2
. (12)

Both cases (high and low energy limits) are very interesting because show how, in principle, dark photons could be
transformed into visibles ones. It is also important to mention the process γ′γ → γγ (see FIG. 3), where the initial
photon can be prepared in the laboratory. In this case the formulas of differential cross sections should be scale as
dσ/dΩ ∼ ξ2. For instance, the high energy limit at θ = 0 is given by

dσ(E, 0)

dΩ

∣∣∣∣
γ′γ′→e−e+→γγ

∼ α4ξ2

π2m2

(m
E

)2(
ln
E

m

)4

(13)

FIG. 3: This diagram corresponds to the γ′γ′ → γγ scattering where γ′ are dark (hidden) photons and γ visible ones.

FIG. 4 shows, for the case mγ � |p|, the space of parameters (mγ , ξ) where this process is allowed, taking into
account typically like-neutrinos measurable cross sections [13].

Notice that below the black line and for masses mγ > 106 eV and ξ > 10−7, there is a window where differential
cross sections of the order of dσ/dΩ ∼ 10−50 m2 are allowed, which are typically values for neutrino-like particles. We
found that this effect is sensitive in this unexplored space of parameters, where the masses mγ are very large. Beyond
these values, corrections of the standard model must be included.

III. COMMENTS AND CONCLUSION

There are several strategies aimed at detecting dark photons, for example using the bremsstrahlung where processes
such as e−Z → e−ZA′ where Z is nuclear target and A′ is produced very forward and carrying the most of the beam
energy, another example is the e−e+ → γA′ where A′ is a difference of energy which is attributed to dark photons
and so on (these examples are explained in [14]).

In this paper we have considered a different route and we have proposed a mechanism where the basic process
is a Breit-Wheeler one with two initial dark photons or one dark photon with a ordinary photon –including virtual
processes– that convert this photons in visibles ones.
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FIG. 4: This is an exclusion plot in search for hidden photons, the purple region is where the process studied is allowed for the processes
γ′γ′ → γγ and γ′γ → γγ with a differential cross section of 10−50m2 at θ = 0. Gray region correspond to the excluded space and the
pink region is where Hidden Photons can be cold dark matter.

Although Breit-Wheeler processes are still not observed even in conventional quantum electrodynamics, we can
speculate with the orders of magnitude of possible cross sections. Indeed, the total cross section (11) can be written
as

dσ(E, 0)

dΩ

∣∣∣∣
γ′γ′(γ)→e−e+→γγ

∼ ξ4(2) ×
(
E
m

)6 × 10−33m2, E � m,

dσ(E, 0)

dΩ

∣∣∣∣
γ′γ′(γ)→e−e+→γγ

∼ ξ4(2)
(
m
E

)2 (
ln E

m

)4 × 10−34m2, E � m. (14)

In both cases in (14) the low and high energy limit are considered but the last one is more important here because
there is a parameters space still unexplored. For example in LHC can be produced –probably as secondary photons–
with 1 TeV of energy, then if ω ∼ 1 TeV could be possible cross sections comparable to the neutrino scattering ones
[13], however this last fact needs a more detailed analysis.

This work was supported by FONDECYT/Chile grants 1130020 (J.G.), N.T. thanks to the Conicyt fellowship
21160064 and USA-1555 (A.A.). We would like to thank Prof. F. Méndez for useful discussions and Prof. S. L. Adler
by suggesting us the reference [12].
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We propose a model where the anapole appears as a hidden photon that is coupled to visible matter 
through a kinetic mixing. For low momentum |p| � M where M is the cutoff the model (soft hidden 
photon limit) is reduced to the Ho-Scherrer description. We show that the hidden gauge boson is stable 
and therefore hidden photons are indeed, candidates for dark matter. Our approach shows that anapole 
and kinetic mixing terms are equivalent descriptions seen from different scales of energy.
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Majorana fermions are particles that feature good attributes to 
be considered dark matter [1] candidates. On the one hand they 
are electrically neutral and can interact with virtual photons. How-
ever, there are several ways to implement the dark matter idea 
as, for example, by including neutralinos [2], analyzing relic abun-
dance systematically [3], incorporating Sommerfeld enhancement 
[4,5] or extending the standard model through the use of secret 
interactions [6], kinetic mixing [8] and so on.

However there are also other reasons that justify an additional 
study of Majorana fermions as dark matter, namely, it is expected 
that the effects of dark matter will be more accessible in the low 
energy sector, and if the dark matter is coupled with the standard 
model, then effects such as parity violation can play an important 
role [9].

As in any effective theory one expects that there is a cut-
off energy M , for which if E � M , both the parity violation and 
the anapole contributions provide visible signals as a consequence, 
most likely, of more fundamental symmetries unknown until now.

The consequences of the description above are followed by 
the fact that the vertex function �μ(q2) must be consistent with 
gauge invariance because it is related to the electromagnetic cur-
rent through

〈k| Jμ|k′〉 = ū(k)�μ(q2)u(k′),

* Corresponding author.
E-mail addresses: paola.arias.r@usach.cl (P. Arias), jorge.gamboa@usach.cl

(J. Gamboa), natalia.tapiaa@usach.cl (N. Tapia).

where �μ(q2) has the following general structure

�μ = F1(q
2)γ μ + F2(q

2)
i

2m̄
σμν pν

+ F3(q
2)

i

2m
σμνqνγ5 + F4(q

2)(γ μq2 − qμ/q)γ5, (1)

where the F1,2,3,4 are form factors and q2 = −(k − k′)2.
The term proportional to F3 is the electric dipole moment 

which violates temporal inversion but is invariant under parity, 
while the term proportional to F4 is called the anapole contribu-
tion [10] and violates both parity and temporal inversion.

The Lagrangian that provides the anapole contribution is [11,
12]

Lanapole = − g

M2
χ̄γμγ5χ ∂ν F μν, (2)

where Fμν = ∂μ Aν − ∂ν Aμ is the strength tensor, g is a dimen-
sionless coupling constant and M is a cutoff of mass.

In a more classical context, and inspired by the remarkable 
ideas developed in the late fifties in weak interactions physics [13], 
the hypothesis of identifying Majorana fermions with dark matter 
is even more intriguing because the electromagnetic interaction 
[10] with Majorana fermions should occur through the anapole 
term [11,12].

Intuitively, the anapole interaction appears when neutral
fermions are coupled through the process shown in Fig. 1, where 
the black box vertex encodes the parity violation [10]. Then, the 
possible relation between dark matter and fermions of the stan-
dard model ( f ) emerges when we “paste” the processes χχ̄ → γ

https://doi.org/10.1016/j.physletb.2019.02.021
0370-2693/© 2019 Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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Fig. 1. Annihilation of two Majorana fermions into a virtual photon. The black box 
is an effective vertex.

Fig. 2. This diagram ‘pastes’ the dark (LHS) and visible (RHS) parts through a virtual 
photon.

and γ → f̄ f , with γ a virtual photon playing the role of a “bridge” 
between dark matter and the standard model (see Fig. 2).

The goal of this paper is to present an approach that shows 
a very clear relationship between hidden photons and anapole as 
dark matter. In a nutshell, our results show that the anapole term 
can emerge from a soft hidden photon limit approximation.

An extra U(1) gauge boson - often referred as hidden pho-
ton or dark photon - it is a quite interesting and well motivated 
dark matter candidate. Has been pointed out that such particle can 
explain the whole dark matter content observed today, or be a sub-
dominant component, if produced a non-thermally during inflation 
[14].

In order to explain the idea we begin considering the La-
grangian

L = L({χ, Gμ}, {ψ, Gμ}), (3)

where {χ, Gμ} correspond to the particle content of the dark sec-
tor, with Gμ a hidden U (1) gauge field, whereas in {ψ, Aμ} the 
ψ ’s are fermions of the standard model and Aμ is the visible pho-
ton.

More specifically (3) will be written as

L = χ̄
(
i/∂ − gγ5/G − m̄

)
χ − 1

4
G2

μν(G) + 1

2
M2Gμ

2

+ ψ̄
(
i/∂ − g/A − m

)
ψ − 1

4
F 2
μν(A) + ξ

2
Fμν(A)Gμν(G)

+· · · , (4)

with the strength tensors Fμν(A) and Gμν(G) defined as

Fμν(A) = ∂μ Aν − ∂ν Aμ,

Gμν(G) = ∂μGν − ∂νGμ. (5)

In (4), ξ parametrizes the (small) kinetic mixing between hid-
den and visible photons, and · · · denotes all other fields belonging 
to the standard model.

A mass term, M , for the hidden photon has been included, as-
suming that there is a particular spontaneous symmetry breaking 
mechanism in the hidden sector or corresponds to a stueckelberg 
mass term (see also [7]).

The next step is to consider a region in which the hidden pho-
ton momentum satisfies |p| � M , such limit can be justified for a 
hidden photon dark matter candidate, since |vdm| � 1, so that in 
this limit the kinetic term G2

μν , is much smaller than M2G2
μ , so

L = χ̄
(
i/∂ − gγ5/G − m̄

)
χ + 1

2
M2Gμ

2

+ ψ̄
(
i/∂ − g/A − m

)
ψ − 1

4
F 2
μν(A) − ξGν∂μF μν(A)

+· · · . (6)

Where we have made an integration by parts of the kinetic mixing 
term.

In this region of energy, Gμ becomes an auxiliary field, and 
therefore can be found to be

Gμ = 1

M2

(
gχ̄γμγ5χ + ξ∂ν Fμν(A)

)
.

= 1

M2

(
g J (5)

μ + ξ∂ν Fμν(A)
)

. (7)

Putting back the latter expression for Gμ into (6) we get

L � χ̄ (i/∂ − m̄)χ − g2

M2

(
χ̄γμγ5χ

)2

− ξ
g

M2
χ̄γμγ5χ ∂ν F μν + O(ξ2). (8)

Thus, from the above equation can be clearly seen that the 
anapole term comes from the “soft-photons” approximation, mean-
ing from the assumption that the momentum of the hidden photon 
is much smaller than M .

However, we also emphasize that the anapole contribution is 
a consequence of the kinetic mixing of the dark matter as it be-
comes explicit by the presence of ξ . Therefore, a Majorana fermion 
coupled to the DM particle can manifest itself via an anapole in-
teraction.

The measurement of anapole contributions is a task that has 
been developing slowly, where these contributions are considered 
a test of precision of the standard model. Currently there are sev-
eral experiments running in atomic physics [15], that complement 
the first measurement in this direction [16].

In the context of anapole contributions coming from dark mat-
ter, these are more difficult to control and what we have proposed 
in this letter is to address them via kinetic mixing.

The point of view considered here unifies two apparently dif-
ferent approaches and allows to establish a one-to-one correspon-
dence between both.

Another interesting question is to investigate the stability of the 
Gμ boson. In the static limit this boson is, of course, stable but if 
Gμ is a dynamical field, then one should worry about its life time.
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In order to do so, it is convenient to take the basis (Aμ, Gμ)

and diagonalize it, so the mass eigenstates will be

Aμ
∼= A′

μ + g

(
1 + m2

M2

)
G ′

μ

Gμ
∼= A′

μ − g
m2

M2
G ′

μ (9)

And the Lagrangian in the hidden sector becomes

L ⊂ −g2 m2

M2
G ′

μχ̄γ5γ
μχ,

so the decay with is given by [17]

�(G → χ̄χ) ∼= g2
( m

M

)4
m. (10)

However, as in many extensions of the standard model, it is 
sensible to consider m � M , thus, the decay amplitude it is indeed 
small, implying that the average life time of the gauge boson is 
large, at least compared to the life time of the universe, so the 
boson Gμ is stable.

From the point of view of the phenomenological possibilities 
of detection one could explore at least two; the first one requires 
an exhaustive analysis of the data XENON100 [18], and the second 
is to exploit the extra Coulomb contribution that results from the 
Lagrangian of eq. (6), namely [15]

V (r) = g

4π

e−Mr

r
γ5,

which is the lowest order contribution.
Classical experiments of Coulomb’s law, bounds on the photon 

mass [19] and parity violation tests could, in principle, provide 
some clues about the existence of dark matter in the universe.
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